
 Modulelength

let M be an R module Instead of looking at

increasing chains of submodule like w Noetherian
modules we consider decreasingchains

Def M is Artinian if every strictly decreasing chain of

submodules terminates or ideals in the case of rings

We'll soon see that all Artinian rings are always
Noetherian In fact we'll provesomething much stronger

However the converse doesn't necessarily hold

Ex Kfx is Noetherian by The Hilbert Basis Theorem
However x ni z xD doesn't terminate so

it's not Artinian

First some definitions

M Mo M Mn is a descendingcha of submodules of length

The chain is a compositions if each MYµj is a

nonzero simplemodule i e it has no nonzero proper

submodules



Equivalently a composition seriesis a mail chain of submodules

The length of M lcm is the leastlength of a composition series

or x if it has no finite composition series In fact we'll

see that all composition series havethe same length

Remark Since Mi µi is simple it is generatedby any
nun zero element a So we get1 a

R MYµi with kernel

D re R f r MYmi o Ann MYMi so

Mi Mi Rfp Since the module is simple P must be

maximal

Lemma If M has a finite composition series of length h then

every composition series has length h and every chain
in M can be extended to a composition series

PI let N EM be a propersubmodule We first show
that l N al M

let Mi be a composition series of M of minimal length
Set Ni NAMI



Then N
i
E MYMi so either NiYNi is simple or Ni i Ni
9
simple

Thus by removing repeated terms we get a composition series
for N so l N El M

If l N l M L Then Ni4N Miyu for each i

so NeYo NeYo by induction N M a contradiction

Now let M Mo M Z be any chain in M
Then l M l Mi 70 so the length of the
chain must be El M E h In particular I M n

so all composition series have the same length

If a chain has length l M it thus must be a

composition series Otherwise it has length ICM and

new terms can be inserted until it has lengthLCM D

Them M has a finite composition series i ft M is

Artinian and Noetherian

Ifi Suppose M is Artinian and Noetherian By ACC

we can find a Max't propersubmodule M a Max't

submodule Ma of M etc ByDCC this terminates infinitely
many steps



If M has a finite composition series the Iemma says every
chain of submodules has finite length D

Now we come back to rings to see how we can

interpret Artinianness geometrically

Then let R be a ring The following are equivalent

a R is Noetherian and all its prime ideals are maximal

b R is a finite length R module

c R is Artinian

PI a b Exercise see Eisenbud

b c by previous theorem

c a Suppose R is Artinian

Chaim o is a product of Max l ideals

Pf of claim R is Artinian we can choose an idealnm

J that is minimal among products of max l ideals

Thus for all max't MER we have MJ J so

J E J R and J2 J



AssumeJFO and choose I minimal among ideals
not annihilating J Then IJ J IT IT 1 0
So by minimality IJ ZI and thus I J I

Take f c I s t f J 1 0 By minimality f I

Since IT I F g e J s t tg g f I g O

But g is in every mail ideal so I y is in none

so l g is a unit so f O a contradiction Thus

J O D

Thus we now have 0 mi Mt for mi Max l ideals

Set Ms mi Ms Then we have

R2 M ZMa 2Me_0

Ms is an R module so MYµs MYmsMs is an

R
ms

vector space Any descending chain of subspaces
corresponds to a chain of ideals in R which is finite
so MYµs is finite dimensional

Thus We can add in finitely many modules to complete this
to a finite composition series for R so R is Noetherian



Now we just need that all primeideals are maximal

1 et P E R prince Then P m int O Thus P 2M for

some i otherwise find a at e P s t ai etP

Thus P is max l D

Note that the last part of the proof implies the
following

Cer If R is Artinian thenSpeck is finite converse isfalse
Gada

In the case where R is an Artinian k algebra we have

REke as k vectorspace and l length of R

Ex i R k7,3 Spec12 407 and 12 has length one

R2 o

Also kC s k

2 R KAI spear x x l
x 1 x

R Kl ka E k

Composition series R 7 x Z o



3 R Speck x y but RE kl Ky Ek

Composition series R2 y 7 o

Speer corresponds to a scheme y point

a point w a tangent direction

Think of this as roughlythe limit of twocolliding points
malin

3

We need one more theorem without proof that will

beuseful when we come back to dimension

theorem let M be an R module of finite length PER

prime Then M Mp M is annihilated by a power of P

Note that we need finite length

Ex M 9 2 y is a Efx y module It has infinite

length M y 7 YZ

Let f x Then P'M 0 but Mp 5k f M



Cer let R be Noetherian I ER an ideal If PII is prime

then the following are equivalent

a P is minimal among primes containing I

b RPIp is Artinian

c Pp C Ip for h O

PI a b If P is minimal among primes containing I
then it's the unique prince of

RP
Ip Thus RP Ip is

Artinian since all primes are max't

b c RP
Ip Artinian t Noetherian l RPIp

RP
Ip p

RP
Ip so by the theorem

P E Ann RPIp for h soR

P EAnnpp
RP
Ip Inp

c a Suppose PhEIp and let QER a prime ideal set
I C QE P Then EQp Since Qp is prime

Pp EQp Pp Qp P Q D


